We describe a protocol to entangle two qubits at a distance by using resonance fluorescence. The scheme makes use of the postselection of large and distinguishable fluorescence signals corresponding to entangled and unentangled qubit states, and has the merits of both high success probability and high entanglement fidelity owing to the multiphoton nature. Our result shows that the entanglement generation is robust against photon fluctuations in the fluorescence signals for a wide range of driving fields. We also demonstrate that this new protocol has an average entanglement duration within the decoherence time of corresponding qubit systems, based on current experimental photon efficiency.
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The generation and controllability of entanglement between distant quantum states have been at the heart of quantum computation and quantum information processing. Since the early proposal of entanglement generation in atomic ensemble systems [1] , many theoretical ideas have been put forward [2] [3] [4] [5] and experimental demonstrations of distant entanglement have been recently performed in trapped ion systems [6] [7] [8] , with an average entanglement fidelity up to 90%. These existing approaches to generate entanglement are based on postselection using single-photon measurement [1] [2] [3] and have the merit of high fidelity entanglement creation. However, due to the single-photon inefficiency, these protocols have a rather low success probability in practice (∼ 10 −8 in trapped ion experiments [5] ). This limitation leads to a very long average entanglement time compared to the decoherence time of the qubit system. To counter this difficulty, much experimental effort has been devoted to improving the single-photon efficiency in various qubit systems [9] [10] [11] .
Alternative theoretical proposals to generate entanglement make use of Raman transitions of qubit systems embedded in a cavity [12, 13] . This scheme utilizes bright coherent light and thus is expected to be more efficient than the single-photon protocols, but at the expense of a moderate entanglement fidelity due to the cavity loss and spontaneous emission. Some solutions to overcome the sensitivity to spontaneous emission have been suggested replacing the coherent input light by either the Fock or the NOON states [14] , which is experimentally more demanding. Therefore, a dichotomy exists in the architecture of entanglement generation that is either based on a low rate, high fidelity single-photon measurement, or a more effective, coherent photon protocol that has comparatively less fidelity.
To tackle such a dilemma, in this Letter we introduce a robust distant entanglement protocol using resonance fluorescence. By coupling the laser photons with the qubits in a Mach-Zehnder-type interferometer, the outgoing fluorescence signals can have a very different number of photons depending on the entanglement status of the qubits. We can thereby achieve entanglement between two distant qubits through the postselection of the detected many-photon states. This multiphoton method does not require any single-photon detector or sensitive phase measurement, and thus it has a higher rate of success without sacrificing the entanglement fidelity. Fluorescence is highly effective for its detection [15] and for this reason, has been used in the proposal of entanglement distribution in quantum repeaters once entanglement is created [16] . Our scheme takes the same advantage of fluorescence and only involves the detection and distinguishabilty of the many-photon fluorescence signals, feasible using current experimental technology.
Figure 1(a) shows our setup to entangle two distant qubits. For illustrative purpose, we consider the singly charged quantum dot (QD) as our qubit system [17, 18] , where each dot consists of four energy levels as shown in Fig. 1(b) . Direct generalization to other qubit systems, such as the diamond nitrogen-vacancy center, is straightforward. The two electronic spin states |± form the qubit states, while only the |− state would be optically coupled to the spin −3/2 trion state |T z− through the right-handed circularly polarized laser due to the selection rules. Our scheme consists of two main steps: (1) to postselect the qubit states by photon measurement at t = τ , and (2) to recover the entangled state coherence for t ≥ 2τ . In the first step, the laser is split by the polarization-independent 50/50 beam splitters (BS) [19] to drive the two distant qubits embedded in the mirrorended waveguide or optical fiber system. Owing to the state dependence of the resonance fluorescence, the scattered multiphoton state is entangled with the qubit system. Considering that each qubit is initially prepared in the state |x+ = (|+ + |− ) / √ 2, the state of the qubits and the outgoing a mode photons is given by
where each term gives the spin state of qubit 1, 2 and photon state in a 1 , a 2 mode, |α is the coherent Glauber state that describes the laser, and |f α = −|e −iHt |− |α denotes both the laser and fluorescence photon state governed by the electric-dipole Hamiltonian H. Note that |f α is not a Glauber state and its BS transformation is not just a simple photon amplitude transformation. Then, the a 1 and a 2 modes, consisting of laser photons and fluorescence signals, are transformed to b 1 and b 2 modes by BS-2. The b 1 mode is further combined with the reflected laser mode c at BS-1 such that the detector mode d only contains fluorescence photons (see the Supplemental Material [20] ).
Postselection of the qubit state can be achieved by measuring the number of photons in the detector mode. We shall see below that, due to the BS, the multiphoton states associated with |+− and |−+ share the same number of photons in b 1 and thus d modes, which are macroscopically different from those of the other two states. This allows us to project the qubit state on |+− and |−+ by photon measurement at d. At this point, these two states have the same photon state in the b 1 mode, but have a π phase difference in the b 2 mode. Therefore, in the second step, similar to the spin echo technique, we apply a π pulse to flip both spins at t = τ and continue the fluorescence process until t = 2τ , at which time the qubit states would share the same photon state. By tracing out the photon degrees of freedom, we achieve the maximally entangled state |E = (|+− + |−+ ) / √ 2 for t ≥ 2τ . This postselec- tion scheme shares the same high entanglement fidelity as in the single-photon protocol, but exponentially boosts the entanglement efficiency as only multiphoton measurement is involved. We will focus on the postselection process in the following. The many-photon resonance fluorescence establishes a robust entanglement between the photons and the qubits. The photon dynamics in the a modes is governed by
where ω k and g k are, respectively, the photon frequency and dipole-electric coupling, σ − = |− T z− |, and s = 1, 2. The first and second terms correspond to the laser and fluorescence photons, respectively. For our process, the entanglement is heralded by the photons arriving at the detector d, different from the single-photon scenario that requires a simultaneous photon registration by two detectors. Based on the BS transformations, the state-selective average number of fluorescence photons being detected at d can be evaluated by solving the optical Bloch equation [21] . The results in the long time regime (t ≫ T 1 ) can be analytically expressed as
where T 1 is the relaxation time for the transition |− ↔ |T z− , Ω is the Rabi frequency, and η is the photon col- lection and detection efficiency. Figure 2 plots the maximum number of detected photons (i.e., η = 1) as a function of time and Rabi frequency of the qubit. Large numbers of photons are generated conditioned on the qubit states and increase linearly with time when t ≫ T 1 . The distinguishability between n d;E and the other two numbers of photons in most of the region allows a probabilistic entanglement generation by postselection with an ideal probability of 1/2, compared to 1/4 in the singlephoton protocol. We note that the dark transitions due to the hole mixing in QD system [22] , which would lead to an estimated 1% of fluorescence photons, are negligible in this many-photon entanglement scheme. We now analyze the noise of our entanglement scheme. Unlike the single-photon protocol whose fidelity is limited by dark counts in the experiment, our multiphoton entanglement approach is not sensitive to the background noise, but relies on a clear distinction between large fluorescence signals. Photon statistics in resonance fluorescence has been well studied since Mandel [23] and has been verified in atomic experiments [24] . We make use of the same approach by Mandel in our entanglement process and compute the fluctuations in the number of detected photons by [23] 
where σ 1 σ 2 σ 3 σ 4 = σ 1 σ 2 σ 3 σ 4 − σ 1 σ 4 σ 2 σ 3 and we have made the phase change ±iσ 2,± → σ 2,± . The fourpoint correlation functions can be evaluated using the quantum regression theorem [21] , being applicable for our qubit system. Note that this expression has already taken into account the noise of the nonideal detector. Figure 3(c) shows the driving field dependence of the ratio of n d;−− to n d;E . Even though this ratio is larger when the field is low, a high field is preferred for a better signal to noise ratio. A long time operation is also necessary for the same reason. The fluorescence signal saturates at ΩT 1 ∼ 3 and approaches to the asymptotic values n d;E (t) → t/(8T 1 ) and n d;−− (t) → t/(4T 1 ) at a larger field strength. Figure 4 details the field dependence of the noise statistics of photons for the entangled and unentangled states for η = 1. At large time (t/T 1 = 10
3 ), the photon signal corresponding to the entangled state demonstrates a sub-Poissonian statistics as shown in Fig. 4(a) . This result is just the same as that of the standard resonance fluorescence, because the entangled state only consists of fluorescence photons coming from either one of the qubits. By contrast, the photons associated with the unentangled state |−− exhibit a transition from subPoissonian to super-Poissonian behavior when the field increases. Figure 4(c) shows that the Mandel parameter, Q = (∆n d ) 2 /n d − 1, for the unentangled state, can be as low as that of the entangled state in the low field regime and becomes positive to the asymptotic value of 1/6 in the large field limit. Note that all these non-Poissonian results are in agreement with the non-Glauber character of the fluorescence state mentioned above. We remark that the Mandel parameter is limited by the photon efficiency, so that |Q| ∼ η ≪ 1 and, therefore, the measured photon statistics will be very close to Poissonian in the realistic experimental situation.
An important aspect of all the entanglement mechanism is the average entanglement rate. The low efficiency of the entanglement protocol using single-photon detection severely limits the rate of each successful operation. For instance, in the existing trapped ions experiment [5] , the success probability is ∼ 2.2 × 10 −8 , leading to an average entanglement time around 600 s, being longer than the decoherence time of the trapped ion qubit. This posts a dramatic restriction to the scalability of the corresponding qubit systems. While experimental technique is advancing to increase the single-photon efficiency, our entanglement generation scheme based on the many-photon resonance fluorescence signal can help to solve the problem and can have a success probability close to unity. We discuss our entanglement rate in the following. Our entanglement scheme depends on the distinction of fluorescence signals corresponding to entangled and unentangled states (Fig. 3) . In the large field region (ΩT 1 > 3), these two signals are already well separated with a confidence level (or fidelity) being more than 90%, when η × t/T 1 ≈ 130. In other words, we can reach the ideal success probability (i.e., 1/2) using an operational time that is long enough to produce distinguishable multiphoton states and entangle the qubits, but short compared with the spin decoherence time. Taking the trapped ion example, the photon collection and detection efficiencies are 2% and 15%, respectively, so that η = 3 × 10 −3 . This corresponds to our average entanglement time being ∼ 1.7 × 10 5 T 1 ≈ 1.4 ms (T 1 being the spontaneous emission time for the 2 P 1/2 to 2 S 1/2 transition in the trapped ion qubit), which is five orders less than that of the single-photon protocol and more importantly, much shorter than the decoherence time of the trapped ion system. Similarly, for the nitrogen-vacancy center qubit system with a similar spontaneous emission time [25] , an average entanglement time of milliseconds can be achieved under the same photon efficiency and is comparable to its coherence time scale.
The same is true for the QD qubits in spite of the relatively shorter decoherence time. In the singly charged QD system, the upper trion state roughly has the relaxation time T 1 ≈ 0.1 ns [17] . Taking realistic collection (6.7%) and detection (15%) efficiencies in the resonance fluorescence experiments [24] , our multiphoton entanglement scheme has an average entanglement time ∼ 5.2 µs, being comparable to the electron coherence time achieved in the spin echo experiment of a single QD [26] . Such a coherence time scale can also be reached by using the coherent dark-state spectroscopy [27, 28] . This manyphoton entanglement scheme has to be contrasted with the single-photon protocol that would instead result in an estimated time to entangle two distant QDs to be at least of the order of milliseconds on average, based on existing physical parameters. In other words, unlike the single-photon entanglement protocol that requires a sharp improvement in the experimental performance of single-photon measurements, the multiphoton approach is more suitable for a scalable qubit entanglement under realistic experimental conditions. Another challenge to the distant qubit entanglement by postselection is the mismatch of the optical characters of the two qubits. Similar to the single-photon protocol, our scheme also requires the indistinguishability of each photon from both qubits, i.e., the discrepancy of their optical frequencies being less than the relaxation rate. On the other hand, consider two qubit systems having different resonant Rabi frequencies (Ω, Ω ′ ) and relaxation times (T 1 , T . This means that our entanglement method is insensitive to the Rabi frequency mismatch, and the |−− state can still be differentiated from the other states for a moderate difference in T 1 . In order to maintain the coherence of the entangled state, the difference in the corresponding fluorescence signals cannot be too large, i.e., |n d;+− − n d;−+ | < ∆n d;+−(−+) . For ηt/T 1 ≈ 130, this roughly corresponds to ∼ 10% relative discrepancy in the relaxation rate. In this regime, a high rate and fidelity entanglement is still feasible.
In summary, we have introduced a new entanglement generation scheme using postselection of coherent multiphoton signals. It improves on the single-photon protocols by increasing the success probability and the average entanglement rate considerably, while maintaining the high fidelity of entanglement. Without significant enhancement in single-photon measurement efficiency, this proposed multiphoton protocol already allows an average entanglement of two distant qubits before their decoherence based on current experimental technologies, while experimental improvements would further reduce the operational duration. We believe this would open a new direction in the design of hybrid multiphoton-qubit network in quantum information processing.
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